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Using the skew-symmetry of the differential operators and muhiphcation oper- 

r^ I ators in the canonical representations of finite-dimensional classical Lie algebras, 

Pm ' we obtain some noncanonical polynomial representations of the classical Lie alge- 

,J^ . bras. The representation spaces of all polynomials are decomposed into irreducible 

C^ , submodules, which are infinite-dimensional. Bases for the irreducible submodules 

are constructed. In particular, we obtain some new infinite-dimensional irreducible 

modules of symplectic Lie algebras that are not of highest weight type. 
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: 1 Introduction 
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In Lie algebras, the highest weight representation theory plays a fundamental role (e.g., 
"k>i I cf. [4], [5]), where one of the most beautiful things is the Weyl character formula for finite- 

H . dimensional irreducible modules of finite-dimensional simple Lie algebras. However, the 

irreducible modules are only identified as the unique irreducible quotient module of the 
corresponding Verma modules and their bases are not explicitly given. Moreover, no 
information on infinite-dimensional irreducible highest weight modules is given. Gelfand 
and Tsetlin [2, 3] constructed a basis for finite-dimensional irreducible modules of special 
linear Lie algebras and orthogonal Lie algebras, and gave the representation formulas 
of simple root vectors. Molev [6] generalized their works to symplectic Lie algebras. 
A deficiency of these works is that the representation formulas of general elements in 
the Lie algebras are too complicated to give. There are also other works on basis for 
finite-dimensional irreducible modules of finite-dimensional simple Lie algebras, such as 
monomial basis, with a certain deficiency. 

Canonical polynomial irreducible representations (the known oscillator representations 
in physics) (e.g., cf. [1]) of finite-dimensional simple Lie algebras are very important 
from application point of view, where both the representation formulas and bases are 



clear. But they are special irreducible representations. So it is desirable to find more 
polynomial irreducible representations in which both the representation formulas and 
bases are explicitly given, especially infinite-dimensional ones. 

In this paper, we use the skew-symmetry of the differential operators and multiplica- 
tion operators in the canonical representations of classical Lie algebras, to obtain some 
noncanonical polynomial representations of classical Lie algebras. The representation 
spaces of all polynomials are decomposed into irreducible submodules, which are infinite- 
dimensional. Bases for the irreducible submodules are constructed and Xu's work [8] on 
fiag partial differential equations is used in some cases. In particular, we obtain some new 
infinite-dimensional irreducible modules of symplectic Lie algebras that are not of highest 
weight type. Below we give a more detailed technical introduction. 

For convenience, we take the following notation of indices: 

JJ = {i,i + l,...,j}, (1.1) 

where i < j are integers. Let Eij be the square matrix whose (i,j)-entry is 1 and the 
others are zero. The canonical polynomial representation of the general linear Lie algebra 
gl{n, C) is given by 

Eij = Xid^., i,j G l,n. (1.2) 

Indeed the above representation shows that we can use {xi,dx) as the coordinates {i,j) 
of matrix. The canonical polynomial representation of sl{n,C), so{C,n) and sp{n,C) (n 
is even) are given by the above formulas as restricted representations of Lie subalgebras 
of gl{C,n). Denote A = C[a;i,X2, •••,a:„] and denote by Ai the space of all polynomials 
of degree i in A. It is known that all Ai are irreducible s/(n, C)-submodules and are 
irreducible sp{n, C)-submodules when n is even. Let Tii be harmonic polynomials of 
degree i, that is, 

n 

n. = {feA\(J2dl){f) = 0}. (1.3) 

View so{n, C) as the subalgebra of skew-symmetric matrices in gl{C, n). It is well known 
that 

n 

A^ = n^®{J24)'^^-2, (1-4) 

r=l 

where we treat A-i = A-2 = {0}. An explicit basis for Tii is given in [8]. Moreover, Xu 
[8] obtained similar result for the simple Lie algebra of type ^2- 

Denote by Z the ring of integers and by N the set of nonnegative integers. Xu [7] 
observed that the positions of Xi and (9^. are skew symmetric as operators on A, that is, 

[d.^,,Xj] = Sij = [-Xj, (9^J (1.5) 



and gave the following noncanonical polynomial representation of gl{n, C): 

{-Xjd^^ - 6ij HI <i,j < m, 

dx dx ii I < i < m, m < j < n, ,_, ^s 

' ' .r ~ ~ , ^ ~ (1.6) 

—XiXj n m < t < n, 1 < J < m, 

Xidxj ii m < i < n, m < j < n, 

where m < n is a given positive integer. Define 

m n 

vA(j.) = Span {a;*/x2^ ■ ■ -x^" I ii, ...,-i„ e N; 2j^s — /J k = r}, r e Z. (1.7) 

s=l t=m+l 

Then A = ^rei-^i^)- ^^ ^^^ proved in [7] that A(^r) forms an infinite-dimensional ir- 
reducible highest weight s/(n, C)-module with xj^ as a highest weight vector of weight 
^^m-i — {r + l)Am if r > 0, and with x^_^i as a highest weight vector of weight (r — 
l)Am — f^^m+i when r < 0. Here and in the rest of this paper, Aj always denotes the 
ith fundamental weight. Our first goal of this paper is to decompose ^ as a direct sum 
of irreducible submodules and construct a basis for each irreducible submodule for the 
restricted noncanonical representation of so{n, C) and sp{n, C) (n is even) given by the 
above formulas under an action of a permutation on l,n. Xu's work [8] on flag partial 
differential equations is used in the case of so{n, C). 
Let 

B = C[xi,...,Xn,yi,...,yn]- (1-8) 

Define a representation of sl{n, C) on B via 

EijlB = Xidx^ - Vjdy^, i,j = 1, ..., n. (1.9) 

Set 

n n 

B,,,,, = Span {xr ■ ■ -^-y^ ■ • "l/M «r,/3s G N; ^a, = h, 5^/5, = £2} (1-10) 

r=l s=l 

for £1,4 e N. Denote 

n 

Hea. = {fe B,,,,, I (5^9.,9,J(/) = 0}. (1.11) 

It was proved in [8] that Hij^^^ are irreducible sl{n, C)-submodules and 

n 



1=1 



Moreover, a basis for each 'H^^/^ *^s given. Our second goal is to decompose i3 as a direct 
sum of irreducible submodules under the noncanonical representation of s/(n, C) obtained 
by swapping some —Xr and dx^ as (1.6). Again Xu's work [8] is used to construct a basis 
for each irreducible submodule. 



The paper is organized as follows. In section 2, we study the noncanonical polynomial 
representations of sp{n, C) mentioned in the above. The results on the noncanonical 
polynomial representations of so{n, C) with even n are given in Section 3. In Section 4, we 
investigate the noncanonical polynomial representations of so{n, C) with odd n. Section 
5 is devoted to the noncanonical polynomial representations of sl{n, C) mentioned in the 
last paragraph. 

2 Noncanonical Representations of sp{2n, C) 

In this section, we study the canonical representation of the symplectic Lie algebra 
sp{n,C) (n is even) defined via (1.6) and a permutation on l,n . We decompose A = 
C[a;i, ....,Xn\ into a direct sum of irreducible submodules and give a basis for each sub- 
modules. 

For notational convenience, we use 2n instead of n. Moreover, in this section, we 
always use Q to denote the symplectic Lie algebra 

n 
Sp{2n, C) = 2_^ ClEij — En+j^n+i) + 2_^ [C(-En+J,j + En+j^i) + C{Ei^n+j + -Sj,n+j)]- 

Now A = C[xi,X2,- ■ ■ , X2n\ IS the algebra of polynomials in 2n variables. Note 

n 
H = / ^ C{E,i^i — En+i^n+i)i 
1=1 

is a Cartan subalgebra. Take {Eij — En-^-j^n+i, Ei^^+j + Ej^n+i \^^i<j^n} and 
{Ei^n+i I ? G l,n} as positive root vectors. 

Recall that in the canonical representation (1.2), we can view (xj,(9^.) as the coordi- 



nates of matrix. Let {S, T} be a partition of 1, 2n. Swapping 

-Xi ^ dx^ for i G T, 
we obtain the following noncanonical representation of sp{2n, C) on A via 



Xid^j, iii,j G S, 

—XiXj, ii i E S and j G T, 

dx,d^^, Hi eT andj G S, 

-Xjd,^^-5ij, HiJeT. 



p I _ I -XiXj, 11 i t o ana j t J , . . 



Set 



Since 



A{k) = Span {x" I c^ G N ^"; y^ Qj - y^ g^ = fe}- 



ieS r£T 



[CU, X^ Xida^i - ^ a;^(9^J = for ^ G sp{2n, C), 
we have the following simple fact: 



Lemma 2.1 The subspace A(k) is a sp{2n,C)-submodule of A. □ 

Define a bilinear form (-I-) on A by 

(x1x^)=(5,,^(-l)>&"'d, (2.2) 

2n 

wliere a = (ai, ■ ■ ■ , a2n), a;° = J^ ^"'• 

1=1 

Lemma 2.2 For any a, /3 G N^" anc? (? G gl{2n, C), 

{g.x'^lx'^) = (x^'l'g.x'^) (2.3) 

where *g is the transpose of g. 
Proof. It is sufficient to show that 

(E,j.(a;f a;;Okf a;f ) = (xf a;;^"|E,-,.(a;f a;f )) for z ^ j G T;2^, (2.4) 

and 



[Ei^i.{xT)\xf) = (a;f |E,,,.(xf )) for t G T;2^. (2.5) 

If^,jG5, 

(E„-.(xra:;Okfa;f) = a,(5,,+i,^,5,^,_i,^^^(a, + !)!(«,- 1)! 



(a;rx;^-|i?,,.(xfxf)). 



For i E S,j E T, we have 



(E,,.(xrx;Okf a:f ) = -5^^^,^^^5^^^,^p^i-ir+\a, + !)!(«, + 1)! 

= 6a,,p,-iSa,-i,p,i-lpf3il3jai\aj\ 



Wheni eT,j e S, 



(xrx;^|i^,.(a;fxf)). 



{E,,.{xrx;^)\x^'xf) = a.«,5,,-i,ft5«,-i,^,(-l)"-i(a. - !)!(«, - 1)! 

= -(5«„/3,+i5a.,;3^.+i(-l)"'ai!aj! 
= {xra^^E,,.{xf^xf)). 

Assuming i,j G T, we get 

(E,,.(xrx;Okf a:f ) = -a.<5,,-i,ft<5„^+i,^,(-l)"'+"^(a. - !)!(«, + 1)! 

= (xrx;^|E,,.(xfxf)). 

If i G ^, 

{E,,.{xr)\x^^) = a.5a.Aa.\ = P^5a.Aa.\ = (xf |i?M-(^f ))• 

When i G T, 

(E,,.(a;r)|xf ) = -(a, + l)(5,,,^,(-l)"^a,! = -(A + 1)<5«,,^,(-I)"'a,! = (xf |E,,.(xf ))• 



Hence (2.4) (2.5) holds. D 

Let ^_|_ be the Lie subalgebra spanned by positive root vectors oiQ. A nonzero element 
/ G ^ is called singular (with respect to Q) if 

H.f c c/, g^.f = {0}. 

From now on, we count the number of singular vectors up to scalar multiple. Moreover, 
an element g E A is called nilpotent with respect to Q+ if there exist a positive integer m 
such that 

^i---^mig)=0 ioTany^i,...,CraeQ+. 

A subspace V of ^ is called nilpotent with respect to Q^ if all its elements are nilpotent 
with respect to ^+. A linear transformation o" on ^ is called locally nilpotent if for any 
f E A, there exists a positive integer m such that o"™(/) = 0. If the elements of Q+\a are 
locally nilpotent and 

i 

Q+.Ai C^Ar for any i G N, 

r=0 

then any element of A is nilpotent with respect to Q^ by Theorem 3.3 in [4]. 

Lemma 2.3 If a suhmodule N of A is nilpotent with respect to Q^, N contains only one 
singular vector v and {v\v) ^ 0, then N is irreducible. 

Proof. Under the nilpotent assumption, any nonzero submodule of A^ contains a singular 
vector. In particular, A^i = U{Q).v an irreducible submodule by the uniqueness of singular 
vector. Set A^^^ = {u e N\{u\w) = 0,Vw G A^i} and 7^ = {m G N\{u\w) = 0,Vw G A^}. 
Notice that A^i, A^j^,and TZ are submodules of A^. Hence if 7^ 7^ 0, it should contain 
a nonzero singular vector, which is impossible according to the assumption {v\v) 7^ 0. 
Therefore 7^ = 0, and A^ = A^i^A^^*-. But N^ = by the same argument, and so 
N = Ni. D 

Remark 2.4 Lemma 2.1-2.3 remain valid if Q = so{n,C), A = C[a;i, ■ ■ ■ ,a;„]. 

Set 



Si = {i G l,n\ i E S, n + i E S*}, 
S'2 = {iGl,n| i E S., n + iET}., 
Ti = {iGl,n| iET, n + iET}., 



(2.6) 



T2 = {i G 1, n| i E T, n + i E S}. 
We first consider n = 2. 

Case 1 

T = {1}, S = {2,3,4} (2.7) 



In this case, A is nilpotent with respect to ^+. Let / = f{xi,X2,X3,X4) E A he a 
singular vector. Since 

equivalently, 

and 

(Ei,4 + ^2,3) (/) = {d,,d^, + X2d,,){f) = X2d^,{f) = 

which imphes 

Therefore, / is independent of X3,X4. Since 

any singular vector must be of the form Xi^ or ^2^. Hence the only singular vector in A(k) 
(resp. ^(_fc)) is x^ (resp. x^) when k > 0. 

Denote by Aj the ith fundamental weight of sp{2n, C). By Lemma 2.3, we have: 

Lemma 2.5 The subspace A/^k) (resp. A/^^k)) is an irreducible highest weight sp{4,C)- 
module with the highest weight —{k + l)Ai + kX2 (resp. —{k + l)Ai^. The corresponding 
highest weight vector is x\ (resp. x\). □ 

Case 2 

T = {1,2}, ^={3,4} (2.8) 

In this case, A is again nilpotent with respect to Qj^. Suppose / = /(a:i, 0:2, xs, X4) G A 
is a singular vector. Since 

(Ei,2 - ^4,3)(/) = -{X2d^, + X^d^,)U) = 0, 

we can write / = g{x2, 0:4, -u), where u = xix^ — X2X3. Moreover, 



£^1,3(5') = -X2X4t;;^ = 0, 



' dv? 



which means 

^ = 0. 

dv? 

So we can rewrite g = gi(x2,X4) + g2{x2,X4)u. Furthermore, 

-^2,4(5') = d^^d^^{gi) + udx^d^^{g2) - XAA92) + Xidx,^{g2) 

= d:,^d^^{gi) + xi{xid^^d:rA92) + d^^{g2)) (2.9) 

-x^{x2d^^d^^{g2) + <9x4(fi'2)) = 0, 



which imphes 

dxidx^igi) = 
and 

{x^dx^ + 1)8x2(92) = 0, {x2dx2 + 1)8x^(92) = 0. 

Hence 

•9x2(^2) = 0, dx,{g2) = 0, 

equivalently, 92 is independent of X2 and x^. Thus we obtain: 

Lemma 2.6 All singular vectors in A are X2 {k2 > 0), x^* (k^ > 0), xix^ — X2Xs and 
1. Moreover, Ai^k) (resp. A(^k)) is an irreducible highest weight module with the highest 
weight k\i — {k + 1)A2 when k > 0. □ 

As for A; = 0, we have the following result: 

Lemma 2.7 The space A(^o) = U{Q).l^U{Q).{xiX4 — X2X^). Moreover, U{Q).l and 
U{Q).{xiX4 — X2Xs) are irreducible highest weight modules with the highest weight — A2 
and — 2A2, respectively. They have the following bases 

{{x,Xs)P{x2X4)''{x{x\ + xixl)\p,q> 0,t > 0} 



and 

respectively. 
Proof. Set 



{ixiX3)P{x2X4)'^{x\xl-xlxl)\p,q >0,t> 0}, 



V = Span{{xiX3)P{x2X4)''{x\xl + xlxl)\p,q >0,t> 0}. 



We will show that V C U{g).l first. For \/p,q>0,t> 0, if {x\x\ + x^x^) e U{g).l, then 
{xiX3)P{x2Xi)'^{x\x\ + X2XI) G U{Q).l because E^^i |_4= —0:1X3 and -^4^2 U= —3:2X4. Now 
we have 1 G U{Q).l. Suppose {x[x{ + X2X3) G U{Q).l for / < t. Then 

-(E41 + E32)ix{-^xl'' + x'f^xl-') 
= (X1X4 + X2X3)(x*~"'"X4~^ + a;2~"'"a;3~^) 

ry'^ ry'' I 'T*^ Hf n Of ly I /y /y /y /y I /y'' /y^ 

— IXiX^ ~r "^2 "^z "I" •X]^X3X2X4lXi X^ ~|~ Xo Xo I. 

So (x*X4 + X2X3) G f/(^).l. Hence V C U{Q).l. Observe that U{Q).l is spanned by 

{(^2,1 - ^3,4)'H^4,l + Es,2y'El%El%.l\li,l2,l3,t4 > 0} . 

Moreover, 

E',',EI%.1 = (-1)^^+*^(X1X3)^^(X2X4)** G V. 



Furthermore, 

(^4,1 + £3^2) ■{{xiX3f{x2Xi)%x\xl + X^xD) 
= —{xiXsY {x2X4y {X1X4 + X2X3){x\x\ + X^X^) 

= —{xiXsy{x2X4y{x*i^^x^^^ + X2X3x\x\ + a;ia;4X2X3 + x^^^x^^^^) 

= -{xiX3)P{x2X4y{x\^'xl+' + 4^'4+') + {xiX3)P+^{x2X4)'^+^ix\''xl-^ + x^^^a:*-^), 

e V, 

Thus (^4,1 + ^3,2)V' C V. Next 

(^2,1 - E3,4).((a;ia;3)P(a;2a;4)«(a;*a;* + 44)) 
= -(a:i«9^2 + X3dx^)[{xiX3y{x2X4y{x\x\ + 44)] 
= — g(a;ia;3)^(a;2a;4)'^~^a;ia;4(44 + 44) ~ t(xia;3)^"^^(x2a;4)'^4~"'^^3^^ 

— g(a;ia;3)^(a;2a;4)'^~^a;2a;3(44 + 44) ~ t(xiX3)^'*'^ (0:23^4)'' 4~"^^4~^ 
= -g(a;ia;3)P(x2X4)^"^(4^^4^^ + 4^^4^^) - (? + t) (0:1X3)^+1 (a;2a;4)«(4~^4"^ + 4"^4~^) 

that is (^2,1 - ^3,4) •V' C V. Therefore, 

(^2,1 - ^3,4)'H^4,i + E3,2y'Ei'^,Ei'^2-^ G K, for all ^1,^2,^3,^4 > 0. 
Hence U{g).l = V. 

Similar conclusion for f/(^). (2:1X4— X2X3) can be proved. For any ki, k2, k3, k^^ {ki+k2 = 
h + h), 

ki k2 k^ ki 



1 2 "^ 4 



I [(xixg)^^ (a;2a;4)^2 (41-^33,^1-^3 ^2,fei-fc3 2,fci-fe3)^ 
(xixg)'^^ (3,2x4)^2 (41-^^4^-'^^ - xl'-^-'xl'-^-')] if A;i > A;3, 

\ [{x^X3f-^{x2XiY^{x^^'-'''x'l'-^'+x'2'-^'x^3'-^')- 
{xiX3Y^{x2XiY^{x''^'-^'x'l'-^^ - 4^-^i43-'=l)] if ki < k3, 



:2.io) 



which imphes ^(o> = U{Q).l + U{Q).{xiX4 — X2X3). Finally, we have to show the inde- 
pendence of {(a;ia;3)^(a;2a;4)'^(44 + ^i^DlP^I ^ 0,^ ^ 0} ^^^ {(xiX3)*'(x2a:4)'^(x^X4 — 
xlxl)\p,q> 0,t > 0}. Note ^(0) = 0„>o -^(o) fl -^2™- Since 

-4.(0) n -^2™ = Span {(a;ia;3)*'(a;2a;4)'?(44 + ^Ws) \ P,C[,t >0;p + q + t = m}\J 
Span {(a;ia;3)*'(a;2X4)'^(44 ~ 44) |p, g>0,t>0;p + g + t = m} 

dim ^(0) Pi Am = (m + 1)^, 
and 

\{{xiX3y{x2X4y{x\x\ + 44) I p? Q'?^ — o^p + Q' + ^ = ■"^ll 

+ |{(xia;3)P(a;2X4)'^(44 "" 44) I P, g > 0,t > 0,p + q + t = m}\ = (m + 1)^. 
Hence we are done. D 

Case 3. 

T = {1,3}, ^ = {2,4}, (2.11) 



In this case, any submodule of A is not nilpotent with respect to Q^. However, we 
still have the following lemma. 

Lemma 2.8 The suhmodules Ai^k) {k G Z) are irreducible suhmodules, which are not of 
highest weight type. 

Proof. Suppose A; > 0. Let A^ be the submodule generated by x\. Note 

{E21 - Eu)\a = -a;iX2 - d^^^d^^, 

-E42U — ^4:9x2- 

Indeed, the second operator shows that the sub modules A(k) (A; G Z) are not of highest 
weight type. 

For V ki, /c2, ks, kiiki + k^ - k2 - k4 = k), 

(_T]k2+ks+k4i. \l. \ 

^ki ,k2 kz kj _ V ^) rvY-rvA. ^^ pkj f p rp \k2+k4 k (9^9\ 

XiX2X^X^ —— , , , , M -C'42 -f^lS 1-^21 - -£^34 j -2^1 • l^-J-^j 

Therefore, Ai^-k) = N. 

Suppose that A^' is a nonzero submodule of A/^-k)- We will show that x^ G A^', which 
implies A^' = A(^-k)- Assume 7^ / G A^'. Since 

Es^ilA = —Xidx-z, E2a\a = ^29x4, 

m 

we can assume / = f{xi,X2) = Yl citx\'^^x\ with a^ 7^ 0. If m = 0, we are done. We 
prove by induction on m. Observe 

(i?12-i?43)(/) = /l + /2 

m m 

with fi = ^at{k + t)tx\'^^'^x'2^, f2 = Yl citx'l'^^x^x^XA^. Moreover, 
t=i t=o 

£ rpk+m T-ifc+m+l 771 f r- 1 -f \ rpk+m rpk+m+1 771 { £ \ ^^k+m_^m_^ ^ 

for some constant c 7^ 0. Thus we get x^'^^'x'^X'^Xi G A^'. Setting /' = fi + f2 — 

m—l 

amXi~^"^x^xsX4 = fi + Yl cttXi^^x^x^Xi and repeating above process, we get /i G A^'. 

Hence xf G A^' by induction. 

It can be proved similarly when k < 0. D 

Now we go back to the general case Q = sp{2n, C) for any positive integer n. 

Lemma 2.9 All singular vectors in A should be x^^x.^ and Xn-iX2n — XnX2n-i ifT = 
l,n. 



Proof. Let g{xi,- ■ ■ , X2n) E Ahe a singular vector. Set 



We write 



Since 



equivalently, 



lli XiX2n ^n^n+^5 t Kz i-j il 1 



9 — t\^li ' ' -I ^ni Ul, ■ ■ ■ , Un-l, X2n)- 



{Ei,n - E2n,n+^) (/) = "Xn^,, (/) = 0, ^ G 1, n - 1 (2. 13) 



9,^(/)=0, iel,n-l. (2.14) 

Moreover, 

{Eij - En+j,n+i)if) = i-XjX2n + Xn+jXn)du,{f) =0, for 1 < i < j < U, (2.15) 



I.e. 



duXf)=0 tel,n-2. (2.16) 



Therefore, / is independent of Xi, ■ ■ ■ ,Xn-i,Ui, ■ ■ ■ ,'U„_2- Now according to the repre- 
sentation of sp{A,C) (Case 2), all singular vectors in A should be a;^",a;2^" and m„_i. 

D 

Theorem 2.10 //^i jTi ^ (cf. (2.6)), then Ai^k) {k G Z) are irreducible. 

a) When Si ^ ^ and Ti ^ 0, the irreducible modules Ai^k) {k G Z) are not of highest 

weight type. 



b) When 5*1 = or Ti = 0, we can assume T = l,t for some t G l,n — 1, the subspace 
A(^k) is an irreducible highest weight module with the highest weight vector x'l_^i{k > 0) or 
Xt^{k < 0), the corresponding highest weight is —{k + 1)A( + k\t+i(k > 0^ or —k\t-i + 
{k-l)\t(k<0). 



If Si IjTi = 0, we can assume l,n = T2 by symmetry. In this case, we have that 
e) Ai^k)(T^^sp. Ai^^k)) is an irreducible highest weight module with highest weight kXn-i — 
{k + l)Xn, a corresponding highest weight vector is X2n(resp. x~^) when k > 0; 

f)A(^0) = U{G).l^U{g).{Xn-lX2n-XnX2n-l)- BothU{Q).l andU {Q).{Xn-lX2n-XnX2n^l) 

are irreducible highest weight modules with the highest weight — A^ and — 2A„, respectively. 
Moreover, U{Q).l has a basis 



ri+-+r„ = i(A;i + -+fe„) 



{ Z^ (^1 + ■ ■ ■ + ^n)' 11 (rJ^t' *^n+t 11 [XiXn+j — XjXn+i) ''^ 



n 

\kt, kij eN; Yl kt, Yl kij G 2N; kijkt = Ofori<j<t; kijki^j^ = for 

t=\ 
i < iiand j > ji}, 

(2.17) 



while U{Q).{xn~iX2n — XnX2n~i) has a basis 



{ E in + ...+r^)\uo^tx::+t n (x.xr.^, - x,xr.+^r-^ 

ri+--+r„=|(fei + -+fe„) *=1 i<i<j<n 

n 

\kt, kij eN; E ^t e 2N, E hj ^ 2N; kijkt = Ofori<j<t; kijki.j, = ft 



or 



t=i 



i < ii and j > ji}. 

(2.18) 

Proof. We will prove it case by case. 



1) If l,n = 5*1 U^i) then A^k) is irreducible. 

Suppose A; > 0. Take s E Si and let A^ be the sub module of A(^k) generated by a;^. 
Note 

{Es,j - En+j,n+s)\A = -XsXj - (9^„+, (9:,„+^ , for j G Ti, 

Ei^s ^ En-\-s,n+i\A = XiOx, — Xn+s(yx„+iJ ^OT I G Oi,2 fz g, 

En+i,i\A = Xn+iOxi, it ^ G Oi, 

Ej^n+jlA = ~Xn+j(yxj, II J G Ti. 

Hence ^ is not nilpotent with respect to Q^. For all a G N^" such that E '^i ~ E '^j = ^) 

iG5 jGT 

for some c G C Therefore, x" G A^. Hence A^ = A(^k)- 

Suppose A^' is a nonzero submodule of A(^k) and 7^ / G A^'. Since 

Ei^n+ilA = XiOx^^i if i G Oi, 

and 

K+ijU = -a;j'9^„+, if J e Ti, 
we can assume / is independent of Xn+i, ■ ■ ■ , X2n- Take t G Ti. Observe 

(Es,i - E„+i,„+s)(/) = XsdxXf), i e Si,i^ s 

{E,,t - Er,+t,n+j)if) = -xtdx^if), J G Ti, J ^ t. 

So we can further assume / = f{xs,Xt). By the same argument as sp(4, C) (Case 3), we 
get x^ E N', which implies A{k) = N'. 
It is similar for A; < 0. 



2) If l,n = 5*1 IJT2, then A(k) is irreducible. 



We assume T2 = l,t for some t G l,n — 1. Any singular vector in A must be a 
polynomial function in xt,Xt+i,Xn+t (and u = xt-iXn+t — xtXn+t-i if t > 1). Suppose 
f{xt,Xn+t,xt+i,u) is a singular vector. Since 

{Et-i,n+t+l + ^t+l,„+t-l)(/) = -XtXt+iduif) = 0, 

/ is independent of u. By the same argument as in sp(4, C) (Case 1), we get that all 
singular vectors should be x^\Xf!^i. Since 

-Xjd^^ - Xn+jda:„^^ if 1 <i < j <t, 
^i,j ~ ^n+j,n+i U= ■{ UxiOx^ — Xn+jOx^^^ if l^i^t<j<n, 

Xidx^ - Xn+jdx„^^ if t <i <j <n, 

dx dx ^. + dx-dx ^. if 1 < i, j < t, 
Ei^n+j + Ej^n+i \a= { dx^dx^+j + Xjdx„+^ if I <i <t <j <n, 

Xidx„., + Xidx„+, if t <i,j < n, 



and 



dr dx _L if 1 < i < t, 



^^•"+* 1-^" 'I a:,.9. , . if t < 2 < n, 






^ is nilpotent with respect to Q^. Therefore, A(^k) is an irreducible highest weight module 
with the highest weight vector x'l^^(k > 0) or x^''(k < 0), the corresponding highest 
weight is -{k + l)\t + k\t+i{k > 0) or -A;At_i + (A; - l)\t{k < 0). 



3) If l,n = 5*1 IjTi IJT2, then A^k) is irreducible. 

In this case, A does not contain a singular vector. Take s E Si and t G Ti. Let A^ be 
the submodule generated by x^ ( if A; > 0; x'^^ if A; < 0). A^ = Ai^k) by 1) and 2). Now 
suppose A^' is a nonzero submodule of Aij^) and 7^ / G A^'. By the same argument as 
1), we can assume that / is a polynomial function in Xg-, Xt, Xi, Xn+i, i G T2. Since 

{Ei^t - En+t,n+i){f) = -XtdxXf),i G T2 
and 

we can get an /' = /'(x^, Xt) G A^'. Now A^' = Ai^k) by the same argument as in 1). 



4) l,n = T2. 

In this case, Ai^k) ik ^ 0) has only one singular vector (xg^ if A; > and x~'' if A; < 0) 
by Lemma 2.9, hence irreducible by Lemma 2.3. 

For technical convenience, we will prove b) in Section 5. 

D 



3 Nocanonical Representation of 5o(2n, C 

In this section, we investigate some noncanonical representations of the special orthogonal 
Lie algebra so(2n, C) defined via (2.1). We decompose A = C[a:i, ....,a;2n] into a direct 
sum of irreducible submodules and give a basis for such submodules. 
Denote by Q the Lie algebra 

n 
S0{2n,C) = 2_^'^{Ei,j — En+j,n+i)+ 2_^ [^{Ei^n+j — Ej^n+i)+^{En+j,i — En+i,j)\, (3.1) 

which acts on A via (2.1). Let 

n 
-n = y L,[Ei^i — hin+i,r. 



i,n+i) 
i=l 



be a Cartan subalgebra and take {Eij — En+j^n+i, Ei^n+j ~ Ej^n+i | 1 < ^ < j < n} as 
positive root vectors, which span a Lie subalgebra Q+. Denote 

hi = Ei^i — En-\-i,n+i ~^ -C^j+l,i+l + -C^n+j+l,ra+j+l iOT I E l,n — 1, 
hn = En-i^n-1 ~ -C^2n-l,2n-l + -C^n,n ~ -C^2n,2n; 

the fundamental weights Ai, ■ ■ ■ , A„ are linear functions on H such that Xi{hj) = 6ij. 

Recall 

Si = {i E l,n \ i E S, n + i E S}, 

S2 = {i E l,n\ i E S, n + i E T}, 
Ti = {i E l,n\ i eT, n + i E T}, 
T2 = {i E l,n \ i eT, n + i E S}, 



(3.2) 



and 



Set 



A(^k) = Span {x" I ^ai-^ai = k}. 



iGS ieT 



A — 2_^ dxidx„_^_i + 2_^ XiXn+i — 2_^ Xn+idxi — 2_^ Xi9x„+i, (3.3) 

i&Si ieTi ie52 jeT2 

V = Y1 ^i^n+i + XI ^^.'9^n+. + XI ^i^^^+^ + X ^r.+idxi ■ (3.4) 

ie5i ieTi i&S2 i&T2 

Then we have 

Ag = gA and gt] = rig for g E so{2n, C), (3-5) 

as operators on A and 

AA(fe) C ^(fc-2>, ^^(fc> C A(^k+2) for A; G Z. (3.6) 

Denote 

7^(fe) = {/G^(fe)|A(/) = 0}. (3.7) 

If l,n = 5*1, we get the canonical polynomial representation of so{2n,C). Before we 
start to study the noncanonical polynomial representations, we first quote a useful lemma 
found by Xu [8]. 



Lemma 3.1 Suppose A is a free module over a subalgebra B generated by a filtrated 
subspace V = IJ^q K- (i-C, Vr C Vr+i)- Let Ti be a linear operator on A with a right 
inverse T^ such that 

T,{B),T,-{B) C B, T,{r],r]2) = Mr],)r]2, Tf (r^ir^s) = Tf (771)7^2 (3.8) 

for rji E B, ri2 E V , and let T2 be a linear operator on A such that 

T2(V;+i) C BVr, UfO = fUO for 0<reZ, f e B, ( e A. (3.9) 

Then we have 

{geA\{T^ + T2){g) = 0} 



Span{j:{-Tf%y{hg)\g eV,heB; T,{h) = 0}, 



(3.10) 



1=0 



where the summation is finite under our assumption. 



Now we assume l,n ^ Si and investigate noncanonical polynomial representations of 
so{2n, C) via (2.1) according to the following cases. 



Case 1. l,n = T2 



In this case, A = - XI a:j(9^„+, and r] = Yl Xn+id^i- 

i=l j=l 

Lemma 3.2 All singular vectors in A are x^X2^ {kn, k2n G N). 



Proof. Let g E Ahe a, singular vector. Set Ui = XiX2n — XnXn+i for i G 1, n — 1. Rewrite 

9 = f{Xl, ■■■ ,Xn,Ui,--- , M„_i, X2n)- 

Note 



{Ei^n - E2n,n+i)if) = -XndxXf) =0, for i G l,n - 1, 
that is 



9,,(/) = 0, for ^Gl,n-1. 
Moreover, 

{Eij - En+j.a+i){f) = {-XjX2n + Xn+jXn)duXf) =0, for 1 < i < j < U - 1, 

which implies 

<9„,(/) = 0, for l<i<n-2. 

Therefore, / is independent of Xi, ■ ■ ■ , Xn-i, Ui,- ■ ■ , m„_2. Furthermore, 

{En^l,2n - En,2n-l){f) = {Xndx„ + X2ndx2„ + Mn-l<9„„_i + 2)(9„„_,(/) = 0. 



So 

5«„-i(/)=0. 

Hence we are done. D 

Set 

n[,) = {feA^,)\vif) = 0}. (3.11) 

Theorem 3.3 If k > 0, then A(k) = T^'/k) ® ^-^(k+'i) ^'^'^ '^'(k) ^^ ^^ irreducible highest 
weight module with the highest weight A;A„_i — (A; + 2)A„ and a corresponding highest weight 
vector X2n- Moreover, 

n n 

111 ^n+t 11 [XiXn+j — XjXn+i) ^'^\kt, kij EN] 2^ Kt = K] 
t=l l<i<j<n t=l l-J-J-^j 

kijkt = for i < j < t; kijki^^-^ = for i < ii and j > ji} 

forms a basis ofH'f.. 

If k < 0, then A(k) = 'H{k)@rjA{k-2) (cf- (S-T)) and TC(k) is an irreducible highest 
weight module with highest weight —kXn-i + {k — 2)A„ and a corresponding highest weight 
vector xZ^ . Moreover, 



ill "^t 11 [^i^n+j XjXn+i) '''^kt, kij E N] 2_^ Kf — K] 

t=l l<i<j<n t=l 

kijkt = for i < j < t; hjki^j-^ = for i < ii and j > ji} 



(3.13) 



forms a basis ofH^k}- 
Proof. Note 

for 1 < i < j < n. So ^ is nilpotent with respect to Q^. Suppose A; > 0. Solving the 

n 

characteristic equations of the partial differential equation {^Xn+idxJ{f) = 0, we have 

n n 

H\k) -dW = Span { JJ x^Vt n (^»^"+i " XjXn+if'''\kt, hj en,^kt = k}. 

t=l l<i<j<n t=l 

All singular vectors in A(k) are x'^" x'^^''" (kn E N) by Lemma 3.2. Since 

7i'/^y contains only one singular vector a;2„ which is an element of the righthand side of 
the above first expression. Therefore, Ti',^, = U{Q).X2n is irreducible according to Lemma 
2.3. Set 
Note 

n 

\-^n+p,q ■^n+q,p)\\_\_ X^j^i || (^XjXjj+j XjXn^i) ' ) 
t=l l<i<j<n 

n 

11 Xfi-\-t 11 \XiX,fi^j X jXji^ij ' \XpXn_^_q XqXn^p) fc f^, 
t=l l<«<i<n 



t=l l<i<'j<n 

h " 

KqXfi-\-pX^_^q 11 -^n+f 11 Kp^i-^n+j •^j-^n+ij ' / y '^q,r\p^p-'^n+r ''^r-'^n+p) 

l<t<n,t=iq l<«<i<" r=q+l 

n q—1 

XyXqXn+r •^r-^n+q) ' 11 -^71+1 11 (.•^i-^n+j •^j-^n+i) ' / y "^(,9 

t=l l<«<i<n.,(i,j)7^{'3:'') '=1 



n 



X (^3J;Xjj+p XpXn-i-l )\XlXfl-^-q XqXn~\-l) ' 11 -^n+i 11 \-^i-^n+j •^j-^n+i) 

t=l l<i<j<n,(i,jmi,q) 

G W. 
So we have n[i^^ = U{g).xi^ = f/(^-).a;^„ C W. Thus 7^'^^,^ = W. 

Since x^„ ^ A^(fc+2>, n\i^^ f] AA^k+2) = {0}. 
Set 



Vfc,m = Span {x" G ^(fc) I ^ "n+i = "^} 



j=i 



and v^ = (Ar])!^^^. Then A(k) = ®m=o^k,m- Moreover, each Vk^m is finite-dimensional 

n n 

and (/9 is a hnear map from Vk^m to itself. Since A = — ^ Xidx„^i and ^ = X] 2:n+j<9zi, 
swapping Xi and a;„+i with i E l,n yields 

H{k) = Span { n a;^ n i^i^n+j - XjXn+iY''' I h, kij eN;Y.kt = -k} 

t=0 l<i<j<n 

(cf. (3.7)). So T-i(k) = when k > 0. Hence 

Ker(^ = Kerr7|y^^ C n[ky 
Furthermore, Imip C A\4+2,m+i- Therefore, 

Vk,m C H[k) + AA(k+2) , 

which implies A(k) = ^H'^^k) ^'^{k+2) ■ 

We still have to show that (3.12) is a basis of Ti-'ij^y Set 

and 



^k,m — ill 2^ji+i 11 [XiXnJ^j XjXn+i) *'^ | ^i, kij G 1^; ^ fcj — fc; 
t=l l<i<j<m t=l 

kijkt = for i < j < t; kijki^j^ = for i < ii and j > jj 



(3.15) 



for m = 2,- ■ ■ ,n. Obviously, -8^,2 forms a basis of 'H'ik2) ^'-'^ ^^ k > 0. Assume Bk^m-i 
is a basis of '^^/fcm-i) ^^^^ ^^^ /c > 0, we will show that 'H'ikm) ~ Span i?fc,m, and Bk^m is 
linearly independent. 
Let 

— * m{m-\-l) 

I = {A; = (fci,--- ,/Cm,fci,2,--- ,/Ci,m,/C2,3,--- ,^m-l,m) e N 2 | /cj ,,/ct = 

m 

/or i < j < t; kijki-^^j^ = /or i < ii and j > ji, J2 ^t = k}. 

t=i 



Suppose 

m 

/ j ^k \ \ •^n+t J_J_ [^i^n+j ~ Xj^n+i) ' — U. 
feg/ t=l l<i<j<m 

m 

Let d = max {^ ^ijkfe 7^ 0}- H d = 0, then a^ = by inductive assumption. Otherwise, 

i=2 
for each fixed t G N, 

m 
/ J fc I I n+i II \^i'^n-\-j "^ j"^ n-\-i) ' U. 

keI,ki=i,J2ki,j=d *=2 2<i<j<m 



Suppose A; G / such that ki = l, ^ /cij = d and ag 7^ 0. Set Ct = kt + ki^t, t E 2,m and 

i=2 
denote 



Then we have 



I{k) = {k' E I \ k[ = L;k[ + k'n = Ct, for t G 2, m; 
A;- J = hj ioT 2 <i < j <m; a^, ^ 0}. 

Y^ flfc, = 0. 

fc'g7(fe) 
t m 

Define to = min{t | i+ X] c* > k}, whose existence is guaranteed byi+X^Q = k + d> 

1=2 i=2 

k. Pick VA;' G I{k) and denote jo = ^^ {J I k[ • > 0}. In particular, k[^ = and A;^ = q 
for 2 < t < jo. Moreover, A;'^ -^^ > imphes that k'^ = and k[ ^ = kt + ki^t = Ct for t > Jq 

by the definition of the set /. So k'-^ = k — "^ Ct — l > 0, which shows jo ^ ^o- On the 

t=2 
jo 

other hand, A;'^^^ = Cj^ ~ kj^ = l + J2 ^^t — k > 0. Hence jo > to. Thus jo = to. Now 

t=2 

k', = ct,k[^ = 0, if 2<t<to, 

to — 1 to 

Ko = k- J2 Ct- ki, k[t^ = J2ct + ki-k 

t=2 t=2 

K = 0,A;'i^i = Q, if t > to, 

that is, k' is uniquely determined by k. Therefore, I{k) = {k}, which implies a^ = 0. 
This leads a contradiction. So -B^.m is linearly independent. 
For any 

m 

J = J_J_2;„_|_4 J^J^ [XiXn+j ~ XjXn+i) ' G /l^fc^m); 
t=l l<i<j<m 

we can assume kijkm = for all 1 < i < j < -m — 1 because 

(/y» . ry . /y . ly . \ ly I ly . ly ly ly . \ ly . ( /y . ly ly ly . \ ly 

If kij = for all 1 < i < j < -m — 1, then / G Bk^m- When km = 0, we can assume 

m— 1 

J_J_ -^n+t J_J_ [^i^n+j ~ XjXn+i) ''^ G Span i3fc^m,_i, 

t=l l<i<j<m~l 



by inductive assumption. Hence 



t=l l<i<j<m-l 

(3.16) 
Assume 

m—l m—1 

II n+t II \-^i-^n+j •^j-^n+i) II \-^T-^n+m •'^m-'^n+r) ^ opsn ljj^„i, 

t=l l<i<j<m—l r=p+l 

we want to show that 

m— 1 m—l 

II "^n+t II \XiXn+j XjXn+i) \\\XrXn+m XmXn+r) ' fc i^paU ijfc^j^. yo.il J 

t=l l<i<j<m—l r=p 

If kp^m = or kij = for p < i < j < m, then the above expression naturally holds by 
the definition of Bk^m- Otherwise, kp^m > and h^^j^ > for some p < ig < jo < '"^• 

m—l m—l 

n/7*^ II I 'y ■'y ■ y . y .\ '^i-j I I I 'y ■'y ^ ^ , \ f^i^m 

ra+t 11 y-'^f'^n+j -^j-^ra+ij 11 V'^J'^n+m, •>-■ m-'-- n+i ) 

t=l l<j<jr'<m— 1 i=p 

m—l m—l 

11 "^n+t 11 (.•^i'^n+j XjXn-\-i) ' 11 l^2^i2^n+m, •^m-^n+ij 

t=l l<i<j<m-l,{i,j)¥=ik),jo) i=p+l 

X( /y . /y . /y , rf , \ '^in ,jn i /y /y r^ rf \ "'p,m \ i /y /y ■ /y , rf \ 

/syXiQXnJf-yyi XfYiXn^iQj yXpXn+iy XiyXn-\-p)\XjQXn-\-m XinXn-^j^)\ fc opaU Dk,m 

by induction on min{A;m,p, Y.p<i<j<m hj}- Therefore, 

m 

n^J^Vt n {XiXn+j - XjXn+i)''''' e Span Bk,m, (3.18) 

t=l l<i<j<m 

which implies Ti'^ ^v = Span -B^.m because of 

m 

'^{k,m.) = Span {J_J_a;„Yi _[_[ (a^ia^n+j ~ XjXn+i) ''^ \ 2_^ ^t = k}. 

t=l l<i<j<m 

By induction Bk^n is a basis of Ti.',j^ „v = '^^/fc)- 

The conclusion for A; < can be proved similarly. D 



Case 2. l,n = T2[jSi 



We can always assume T2 = 1, s for some s G l,n — 1 by symmetry. Suppose f E A 
is a singular vector. Set 

s 

Q = _^ C(-Eij — -E„+j,„+i) + ^^ [C(-Ej,„+j — -Ej,„+j) + C(-E'„+j,j — -E„+jj)]. (3.19) 



y — / ^ ^{Eij — En+j,n+i) ~'r / ^ [L^[Ei^n+j ~ Ej^n+i) ~\~^{En+j,i — En+ij)\. (3.20) 

i,j=s+l s+l<i<j<n 

Then / is also a singular vector if we view ^ as a ^^-module. So / is independent of 
a;i,a;„+i, ■ ■ ■ ,Xs_i,Xn+s-i according to Case 1. We continue our discussion according to 
two subcases as follows. 

1) s = n — 1. 

In this subcase, 

n-l 



i=\ 
n—1 

i) / ^ Xn+jOxj ~r XfiX2n- 



i=l 



Note 



{En^l^n - E2n,2n-l){f) = {dx„^,dx„ " X2ndx2„-i)U') = ^, 
{En-l,2n - En,2n-l){f) = (<9a;„_i(9^2„ - a:„(9^2n-i ) (/) = 0- 

Solving the first equation, we get 

f (= Snani V^ kjkn-i\k2n-l^- ^fc„+t fen-i+t ten-i-t fen+t \ r. t. , _ nl 

•^^^P"^^-^ (A;„ + t)!(A;„_i+t)!(A;2„-i-t)! " ""^ ^""^ '" I ftn^n-i - Uj 
by Lemma 3.1. Moreover, 

k2n-l 
(ft ft — ^ ft \{ \^ k„lkn-llk2n-l\ ^kn+t k„-l+t k2n~l-t k2„+t\ 

V->x^^x^X2-a •^n^X2-a-\l\ Z^ (fc„+t)! (fc„_i +t)! (fc2„-i -t)! "^i -^n-X •^2n-l -^2™ > 

k2n—l 

E k„\k„^l\k2n-l\(k2n + t) k„ + t kn-\+t-l k2n-l-t k2n+t-l 

^^^ (fc„+t)!(fc„_i+t-l)!(fe2„-i-t)! " -^"-1 •^2n-l •^2n 

ten-l— 1 



fcn!fc„_i!fc2n-l! ^fc„+t + l^fcn-l+t^fc2n-l-t-l^fc2„+t 

A:2n-1 



^4^ (fc„+t)!{fc„_i+t)!{fe2„-i-t-l)!-^" -^"-l -^Sn-l •^2n 



(h — h \ \^ fc„!fc„_l!fc2n-l! ™fc„+t fen-l+*-l fe2n-l-i A:2„+t-l 

l^2n ^nj Z^ (fc^+i)!(fc^^j+i_i)!(fc2„^l-t)!-^n -^n-l -^211-1 •^2n 

I i. i. ^k„ kn-\-l k2n~l k2n-l 

T"^n-1^2n-^n "^n-l •^2n-l •^2n 



= 
if and only if 



k2n-l = kn-lk2n = Or /Cgn = /Cn = Or <J ^^" ^ ^ 



Therefore, / = x^x^ or rfxj^_l. Thus all singular vectors in A are x^X2n^"{kn G 0, A;) 
and r/'xI^Zi ■ Moreover, 

A(4"4;;'") = iff A;„(A; - A;„) = 0, (3.21) 

^{rfx^Zi) = iff / = A; or 0. (3.22) 

Therefore, when /c < 0, Ti^^) has only one singular vector x~\] if A; > 0, li,{k) has three 
singular vectors X2„, x^ and rj^x^_i. 



Theorem 3.4 If k < 0, then A{k) = 'H[k)®fl-^(k-2) (ind 'H{k) is an irreducible highest 
weight module with the highest weight — A;A„_2 + (^ — l)^n-i + (^ — 1)A„ and a corresponding 
weight vector is x~_i. Moreover, 



Cl-n\ci2n\ n )(''lH Vrn-\)\ 

r Y^ '"^ V ^» / ™a„+ri+-+r„_i «2n+ri + -+r„_i 

L^ ^ _ (Qn+ri+--+r„_i)!(a2n+r-i + -+r„_i)!-^n -^an (3.23) 

n— 1 n n— 1 

n xf +'''x"++'"'"' |ai, ■ ■ ■ , a2n e N, a„a2n = 0, a„ + X^ "n+i - XI "* = ^} 
forms a basis of7i(k)- 

Proof. We first show that A(k) C H^k) + ^-^(fe-2) {k < 0). For Va;° G ^(fc), Theorem 3.3 
enables us to write 

71-1 

•^ ~ 111 -^i -^n+i J-^n ■^2n 
i=l 
— Sr^ !^, . ^kn-l k2„^i a„ a2n 

~ Z^ Skn-iMn-i-^n-l •^2n-l -^n •^2n ' 

n-l 
k2n-l-kn-l= Yl ("n + i-Oj) 

where C,k„-i,k2n-i ^ ^(^^)- Thus it is sufficient to show that foTWk2n-i+kn+k2n — kn-i = k, 

„k„-l k2n-l kn k2r, 

fcn-l+1 

(fc„_l-i+l)! -^n-l •^2n-l -^n •^2n 



e 7i(fc) + r]A(^k-2)- Set / = min {/c„, A;2n}- If ^n-i < I, then 



™fcu-l™fc2n-l fc„™fc2„ _ „/ Y^ (::l)lJ.fcn-l!™fcn-l-J+l teu-l+J-l fc„-j fc2n-«^| 

•^n-1 -^271-1 -^n •^2n ~ '/I Z^ ffc„ -, _j+iV -^n-l •^2n-l "''n -^2 

i=l 

Suppose /c„_i > /. Observe 

l + k2n-l 

•^2n-l -^n •^2n 



^(E 



(A;„ - l)\{k2n - 0K^2 n-l +0^ ^k„-l-l+t^k2n-l+l-t^kr,-l + t^k2„-l + t^ 

hn-1 + 1 — ty. 

l-t 



,=0 ikn-l + t)\{k2n - I + t)\{k2n-l + I - t)\ 



™fc„-l teu-l fc„ fc2„ _ ^fsr^ (-1)' ^fc„_l! fcn-l-i + l fc2n-l+2-l fc„._i^fc2n-n I 



. ^ (fc„_i-i+l)! -^n-l 

1 y-t fcn-l! kn-l-l+t k2n-l+l-t kn-l+t^k2n~l+t 

) {kn~l-l+ty. n-l -^211-1 -^n •^2n 



for t G 0, /, and 



™fcn-l™fc2n-l A:„™fc2n _ „/ V (~1)' ^fcn-l! ^n-l+i fc2n-l-» fc„+ii-l fc2n+»-l\ i 

•^n-1 •^2ra-l -^n •^2n ~ 71 Z^ (fe^_-^_|_j)! -^n-l •^2n-l -^n •^2ra y'"r 

1=1 

l'_1 y-^ fen-l! k„-l-l+t k2n-l+l-t k„-l+t k2n-l+t 

^ ' {k„-i-l+ty n-l •'^2n-l -^n •^2n 



for t G / + 1, / + k2n-i- So 

^ + ^2n— 1 
/ V (-l)'~*(fcn-l-<+t)!(fcn-/)!(fc2n-0!(fc2n-l+0! N^fcn-l fc2n-l fcn^fc2„ 

t=0 fc„_i!(fc„-i+i)!(fc2u-«+t)!(fc2n-i+<-t)! ''•^"-1 -^2™-! -^n •^2n 

_ V (-l)'~*(fcn-l-^ + t)!(fcn-0!(fc2n-0!(fe2n-l+0! /y (-l)'-lfc„_i! fc„-l-i + l fczn-l+i-l fc„-i fen-JN 

~ ^ (fe„-i+t)!(fe2„-«+t)!(fc2„-i+«-t)! '/IZ^ (fe„_i_i+i)!-^n-l •^2n-l -^n •^2n ) 

t=0 i=l 

I V""^ (-l)'-'(fcn-i-f+f)!(fc„-<)!(fc2n-0!(fe2n-i+0! /'y^ (-l)'-^fc„_i! fc„-l+i A:2„-1-» fc„+i-l fc2„+^-l^ 

"•" ^ (fe„-/+t)!(fc2„-/+t)!(fc2„-i+«-t)! 7'^ ^ (fc„_i+i)! -^n-l -^271-1 -^n -^271 ; 

t=l+l i=l 

l-\-k2n — l 
I V" {kn-l)Hk2„-iy.{k2„-l+iy. k„^l-l+t k2n-l+l-t kn~l+tk2„-l+t 

-n ik^-l+-t)Kk2n-l+ty.ik2„-i+l-ty^n-l •^2n-l -^n •^2n 



Hence x^_/a;2^l'a;^xt'r G H^k) + vAk-2)- 
Note 

ifl<i<j<n — 1, 

^p,n ^2n,n+p \A^^ OxpOxn ^X2n^Xn+pi ^p,2n ^n,n+p \A^^ (^Xp(Jx2n -^nOxn+p 



if p G l,n — 1. So ^ is also nilpotent with respect to (?+. Therefore, the submodule Tii^k) 
is irreducible by lemma 2.3 when /c < 0. Since x~\ ^ ^^(fc-2)! we get Ti^k) n^'^(fc-2) = 0. 

n— 1 

Using Lemma 3.1 with Ti = d^^d^^^, T2 = - Yl a:i<9^„+, and 

i=l 
' ^ ' K + l)(a2n + l)' 

we obtain that (3.23) is a basis of Ti^k)- D 

2) s<n- 1. 
Let 

n 
M = ^ XjXn+j, (3.24) 

j=s+l 

we can conclude from the canonical representation and Case 1 that any singular vector 
in A should be of the form f{xs, Xn+s, u, Xs+i)- Note 

{Es,j - En+j,n+s){f) = Xn+j{d^,du ~ <9:r„+J(/) =0, S + I < j < U. 

Thus 

id.A-dx^Jif) = 0. 

Since 

{Es,s+1 — En+s+l,n+s){f) = dx,dx^^^{f) = 0, 

we have / = r^'xj"' or t^'x^^Y- Recall the operator A defined in (3.3). First, 

n n 

A(Va:J;Y) = E 9xA^.Ai E ^.^n+,)':rJ;Y) ^ if / > 0. 

j=s+l j=s+l 

Moreover, 

A(V^'0 = A(En(4ffc)T^^"*<+.^'"*) 



^ (t-l)!(/-t)!(fcs-t)ns -^n+s" "•" Z^ i!(Z-t-l)!(fca-t)! -^s -^n+s" 



v^ /!fca!(-fc^+^+«-s-l) ^ks-t^t „,l-t-l 
i=0 



A(Va;f ) = ^ / = A;, - (n - s - 1) or / = 0. 



Therefore, when k < —{n — s — 1), 'H{k) contains only one singular vector x., ^ ; if /c > — (n — 
s — 1), 7i(fe) has two singular vectors x^lj^^iii k > 0; x~^ if A; < 0) and r]^~^^^~'^~^'Xs ^ ■ 

Theorem 3.5 If k < —(n — s — 1), then A(^k) = T^ik) ®V'^{k-2)> '^{k) is an irreducible 
highest weight module with highest weight —kXg^i + (A; — l)As, a corresponding highest 
weight vector is x~^ . 



oo 



{ E 






j = s + l \ Tj I i = i \ Ti I J=s + 1 



(o„+riH |-r„_i)!(a2n+riH hr„-i)! 

n— 1 n— 1 



•*'i 11 -^j 11 -^n+i -^n •^2n 



i+ri+-+r„_i^a2n+ri+-+r„_i | 

n n s 

ttl, ■ ■ ■ , "2n e N, a„a2n = 0, Yl "i + E "n+j - E "i = ^} 

jf=s+l i=l i=l 



(3.25) 



forms a basis ofTii^k)- 

Proof. To show Ai^k) = '^(fc) + ^-^(fc-2)5 it is sufficient to show that 

xfxiZ'xl^^^u''- e Hi^k) + nA(k-2) for ks+i + 2A;„ + A;„+, - A;, = A;. (3.26) 



If ks < kui then 



^ksk„+sks + lku _ ^(\^ y~^) ^^- ^fc«-»+l^fen + s+»-l fcs + l fc„-iN 



Otherwise, note 

A/ Y^ l^/i-s + l -^ n - S- ly.yKn^^s ^ KuY- ks-ku+tk„+s+k^-tks+iU _ p /q 97\ 



t=0 



(A:s+i + n - s - l)!(A:„+g + A:„)! 
t!(A;s+i + n - s - 1 + t)!(A;„+, + A;„ - t)!" 






(3.28) 



tor fc^j ^ t ^ fc„ + a;„_|_s. 



k —t 

r^ksrJ^ri+S ks + l ku _ „ /' V ( - l) ' ' ^ ^^ ^ fc,, -» + 1 ^^ + 8 +» " 1 fcs+ 1 fc,, -i \ 

•^s -^n+s -^s+l " ~ 'l\ Z^ (ks-i+iy. s -^n+s -^s+l " / 

i=l 

I (-l)'-''"fcj ks-k^+tk^+s+kwt ks+i t 

for 1 < t < A;,,. Thus 



(3.29) 



iin-\-s\'^u 1 . 

Y^ (-1) "^ (fc8-fcti+*)!(fc3 + l+n-S-l)!(fcn+3 + fc„)! N fcs fcu+s fcs + l t 

Z^ i!fc3!(fc,+i+n-s-l+t)!(fc„+,+fc„-t)! Ms -^n+s -^s+l " 



t=0 

k —1 A: —t 

V (-l)''"~*(fcs-fci,+f)!(fcs+i+n-s-l)!(fcn+^+fc„)! / v^ (-1)''^ ^ks-i+1 k„+s+i-l ks+i ku-i\ 

^ t!(fe,+i+n-s-l+t)!(fc„+,+fe„-t)! '/'^ Z^ (ks-i+iy.-^s -^n+s -^s+l " J 

t=0 1=1 

"•" f^ t\iks+i+n-s-l+ty.{k„+s+k^-ty. 'ly Z^ (ks+iy -^s -^n+s -^s+l " J 

I Y^ (ks+i+n-s-iy{kn+s+kuy ks-ku+tk„+s+ku-tks+it 



t!(A:s+i+n-s-l+t)!(fc„+s+fc„-t)!-^s 



(3.30) 



Hence (3.26) holds. 

Note 

( -Xjd^^ - Xn+jd^^+, if l<i< j <s, 

Eij - En+j,n+i U= I <9x,<9a;^ " Xn+jd^^^^ if t < s < j < u, (3.31) 

[ Xid^j - Xn+jd^„+, if s <i <j <n, 
and 

[ dxAn+, - dx,d^„+, if l<i,j < s, 
Ei^ri+j - Ej^ri+i U= I '9^.<9^„+, - a;j<9^„+, if 1 < ? < s < j < n, (3.32) 

[ Xid^^^^ - a;j(9^„+, if s<i,j < n. 

So ^ is again nilpotent with respect to Q^. \i k < —{n — s — \), H^k) is irreducible by 
lemma 2.3. Since x''' ^ r]A{k-2), we get 7Y(fc> fl ^-^(^-2) = 0. 

By Lemma 3.1 with 7i = dx„dx2„, T2 = A — Ti and T^' in the above of Theorem 3.4, 
we get (3.25) is a basis of Ti.{k)- D 

4 Noncanonical Representation of so{2n + 1, C) 

This section is devoted to the noncanonical polynomial representation of the Lie algebra 

n 

g = so{2n + 1, C) = Y. C(£'i+ij+i - En+j+i,n+i+i) + 

zJ [^{Ei+l^n+j+1 ~ Ej^i^n+i+l) + ^{En+j+l,i+l — -^n+i+lj+l)] (4 I) 

l<i<j<n ^ ' ' 

n 

+ zJ[^(-^«+l,l ~ -^l,n+j+l) + C(-E'i,j+i — -E„+j+i,i)]. 

Pick a Cartan subalgebra 

n 

a = / J ^(-t^i+l,t+l ~ -C/n+j+l,n+j+l)- 
i=l 

Take {-Ej+ij+i — i?„+j+i^„+j+i, i^j+i^n+^+i — E'j+i^n+j+i | 1 < i < j < nj and j-Ej+i^i — 
-Ei,„+j+i I i G l,n} as positive root vectors, which span a Lie subalgebra Q^. Set /ij = 



-^1+1,1+1 ~ -En+j+l,n+i+l — -£'j+2,JH-2 " -EnH-j+2,nH-j+2 for 2 G l,n — 1 and /?,„ — 1{En+\,n+\ — 

-S2n+i,2n+i)- The fundamental weights Aj,i G l,n are linear functions on H such that 
Xi{hj) = 6ij. Let S*, T be a partition of 1, 2n + 1, we can get a representation of so{2n + 
1, C) on ^ = C[xi ■ ■ ■ , X2n+i] via (2.1). We can always assume 1 G 5 by symmetry. Set 



Si = {i e2,n + l\ i e S, n + ieS}, 

5*2 = {i G 2,n + 1| i e S, n + ieT}, , . 

Ti = {iG2,n + l| ieT, n + ieT}, ^ - ' 

T2 = {ie2,n + 1\ ieT, n + ieS}, 

and 

^ = dl,+ 2(^ <9^,5^„+. + Yl ^i^^+i ~ Yl ^n+idx, - Yl ^i9^n+^), (4-3) 

ieSi ieTi ieS2 ieT2 

ri = xl + 2{Y XiXn+i + Y ^^^^^«+^ + Y ^i^^r.+, + Y ^n+idx,)- (4.4) 

i&Si ieTi ieS2 i€T2 



It is easy to see 

Ag = gA, rjg = grj for g G so{2n + 1, C), (4-5) 

as operators on A. We still set 

A(k) = Span {x"' E A\ y^ Ui — >^ ctj = A;}, 

i&S i&T 



Case 1. T = 2,n + 1 

In this case, we have 



^ = ^^1 -2j]^^+i^^n+,+i, 



i=l 



Tj — Xi+2 2_^ Xn+i+lOxi+i ■ 
i=l 

Since so{2n + 1, C)) contains so{2n, C) as a subalgebra, any singular vector is of the form 
f{xi, Xn+i, X2n+i) by Lemma 3.2. Let f{xi, x„+i, X2n+i) G ^ be a singular vector. Observe 

(K+1,1 - i?i,2n+i)(/) = {d.„+A^ - ^id.,^+,)U) = 0, (4.6) 

Using lemma 3.1 with 5 = C[a;i,a;„+i], Vr = Span{x2^:^+i' | a2n+i < r}, Ti = d^^^^d^^, 7^ = 
-a^ii^aian+i and 

^ ^"^ ^ " (ai + l)K+i + l)' 
we obtain 

Q 

Lemma 4.1 All singular vectors m A are fp^g = Yl iUa-i)\t+2a-2m ^i^'^'^~'^'^t\^i^2n+i (P 



-J r^^'n 



j!(g-j)!(p+2g-2j)!!-^l 

4 = 



is odd, p,qen) and r^^x^^l (/ > 0, K+i > 0). □ 

Note 



J^k 



a(«';y) = o^/ = o. 



Since 



\(f \ _ V^ q\p\\{p+2q--2i~l) p+2q-2i-2 q-i j 

^yjp,q) — Z^ j!(g-j)!(p+2g-2J-2)!!-^l •^n+l-^2n+l 



q 

E 

j=0 

q 

^ l^ (i-iy.(q-iy.{p+2q-2i)W^l -^n+l ■^2n+l 

1=1 

v^ q\p\Kp-l) p+2q-2i^2 q-i i 

^ i\(q-i)\{p+2q-2i-2)W^l •^n+l-^2n+l5 

i=0 



we have 



A(/pJ = 0^p = L 
li^k) iias oniy one sniguiar vecior yji^k-i n k ^ u ana x'„_,_;^ 

-Sj+ij+i — -^n+j+i,n+i+i U= — a^j+iSi;-^-^ — a;„+j+i(73;„^._|_j, (4.7) 



Therefore, 7i(fc) has only one singular vector (/i,a;-i if /c > and x„^^ if /c < 0). Observe 



Ei+i,n+j+i — Ej^i^n+i+1 \a— dxi^^dx^^j^i — dxj^^dx^^i^^, (4.8) 

for 1 < i < J < n, and 

Ei+i,i - Ei^n+i+i U= dx^+idx^ - xidx^+i^-, (4.9) 

ii 1 < i < n. So ^ is nilpotent with respect to Q+. Hence the subspace TC(k) is irreducible 
by the analogue of Lemma 2.3 for so{2n + 1, C). 

By the similar argument as in theorem 3.4 and 3.5, we can get A^k) = '^(fe) + V'^(k-2) 
{ke Z). 

Since x^'l-^ ^ ^^(fc-2) when A; < and xi ^ rjA-i, we have H{k) r\V'^{k-2) = for 
k < 1. Now assume Tii^k) f]i]'^{k-2) = when k < ko for some kQ>l. Note 

n 

Ari = riA + Axid^^ + A^{xn+i+idx„+,+, - Xi+id^.+J + 2. (4.10) 

i=l 

So 

A{r]'g) = 2i{2ko - 2i + l)r]'-^g ^ (4.11) 

fori > 1 andO j^ g e 'H{ko-2i+i)- Hence 7^(^0+1) H ^Afeo-i) = 0- Therefore, 7i(fc) fl ^-^(^-2) -- 
holds for all k e Z. 

Using Lemma 3.1 with Ti = d^. ,7^ = A — 7^ and 



rf(a;° 



2 n 
XIX 



(ai + l)(ai + 2)' 
we obtain 

Theorem 4.2 The space A [k) = 'H[k) @fl-^{k~2)- Moreover, Tiij^) is an irreducible highest 
weight module with highest weight {k — l)A„_i — 2A;A„ (resp. — A;A„_i + 2{k — l)Xn), o, 
corresponding highest weight vector is fi^k-i (resp. x'^^j^^) when k > (resp. k < 0) and 

2^2+-+^„+i,!(,,+...+,„+,), n I ""+^+1 ] , 2 f r 

f V^ V ' » + l / „ i = l Y] Oi + l+l-i+l On + i+l-n + l 

'-2,--,r„+i=0 {e+2J2n+iy. i=l 

1=1 

n 

\e G {0, 1}; a2 ■ • ■ , a2n+i G N, e + X^ «„+i+i - aj+i = A;} 



j=i 



forms a basis ofTi^k) (A: G Z). 



Case 2. 1 G ^, 2,n+l=T2[jSi 



We can assume T2 = 2, s + 1(1 < s < ra) by symmetry. Note 

s ra 

^ = "^^l - 2 Xl^i + l^^n + .+ l + 2 XI -^x. + l^^^+. + l, 
i=l jr'=S+l 



1] — X^ -\- 2 y ^ Xn+i+lOxi^i + 2 y ^ Xjj^iXnJ^jj^i. 
1=1 j=s+l 

Denote 

n 

V = Xi+2 y ^ Xjj^iXn+j+l- 
j=s+l 

Let f E Ahe a. singular vector. Set 

s 
Ql = z2i '^{Ei+l,j+l — -E„+j+l,n+j+l) + zJ [C(-Ej+l,n+i+l ~ -^i+l,n+i+l) 

+C(-E„4_j_|_i^j_i_i — -E„_|_j_|_ij_|_i)J, 

n 
^2 = zJ C(-Ej+ij+i — -En+j+i^n+j+i) + 2_/ [C(-E'j4-i,„+j+i — -Ej+i^n+j+i) 

+(L(ii/n+j+l,j+l — -En+j+l,j+l)J- 

Denote A\ = C[X2, ...,Xs+i,X„+2, •..,X„+s+i] and ^2 = ^[Xs+2, ■■■,Xn+l,Xn+s+2, ■■■,X2n+l]- 

Then ^ = ^1^2 [a^i]- Note that any singular vector of ^i|^^ is of the form gi{xs+i,Xn+s+i) 
by Lemma 3.2. Moreover, Q2\a2 i^ ^^e canonical polynomial representation of so(2(n — 
s), C), whose singular vectors are known to be of the form g2{xs+2, v). Observe that / can 
be viewed as a singular vector of Qi\a and a singular vector of Q2\a- Thus we can write 
/ = f{xi,Xs+i,Xs+2,Xn+s+i,v) by the above facts. Observe 



that is 



Moreover, 



equivalently. 
Furthermore, 



{Es+2,1 - ^i,„+s+2)(/) = a;s+2<9xi(/) = 0, 



d.Af) = 0- 



92/ df 



(29.a.,^,-9.„^^^J(/) = 0. 



{Es+l,s+2 — En+s+2,n+s+l){f) — <9x,+i<9a;,+2 (/) " 0) 



that is, (9^,+2(/) = or (9^,+i(/) = 0. 
Defining 



/ = - 



we get. 






v^ p\m\ ^P+t„.t m-'t 



t=0 

2'»(p+m)!V "•" "+''+1 ^s+lJ -^s+l ) 
p! „m P+m / ^ QN 



or 

oo 



/ 2^(2 J{x,+i) J{vy "^ ^x„+s+i^n+s+l 



E P'-i-n\ t „,p+t m-t 

t=0 



t=0 

2^{p+t)\t\{m-ty.-^ s+l"" -^n+s+l 
p! (^~ I O^ ^f) \p+m m 

or 

Hence all the singular vectors in A(^k) are of the form rfxg^\ or r]''x1^2 ■ Note 

A(V^S;Y) ^ 0, A(Va;J-^) ^0, if / > 0. 

Therefore, H(k) contains only one singular vector {x'^^2 if ^ > 0; xj^^ if A; < 0). Similarly, 
by Lemma 3.1, we get 

Theorem 4.3 The space A{k) = 'H(k) ©^-^(A;-2), (ind 'H(k) is irreducible with basis 

(_l)'-s+2+-+'-n+i2'-2 + -+'-„+le!(r2+...+r„+i)! fl ( ^^^^ ]ri+i\ fl I ""+^+1 
I y i^s+l\ Tj + i J ^=l\ r^+i 

'•2,---,r„+i=0 (e+2 E n+i)! 

i — l 
n 

e+2 J2 n+i s n 

wrr »=i rr t'"^+i+'''+1t'""+'+i~'"'+i rr t,"j+i~'"3+v""+j+i-'"3+i|c c in ii- 

AX^ ll-^i+l -^n+J+l 11 -^i+l -^n+j+l |fc t |U, 1J-, 

4=1 j=s+l 

2n+l s+1 

"2 ■ ■ ■ , tt2n+i e N, e + XI a* - Zl <^i = ^} 

i=s+2 1=2 

If k > 0, the highest weight of 'H(k) is —{k + l)As + k\s+i when s < n — 1, and —{k + 
l)As + 2kXs^i if s = n~l. When k < 0, the highest weight ofTii^k) is —kX^-i + {k — l)\s- 
Moreover, a;^_,_2 is a singular vector ofH^k) if k >0, and xj^i is a singular vector ofHi^k) 
when k < 0. 

5 Noncanonical Representation of 5/(n, C) 

In this section, we study the noncanonical representation s/(n, C) obtained from (1.9) by 
swapping some —Xr, —ys and d^^, dy^. 
Recall 

n n—1 

sl{n,C)= Y. CEiJ + Y,'CiE,,^-E^+l,i+l), 
and 

n-l 

H = 2_^ '^{Ei,i — -Ei+i.j+i) 
j=i 

is a Cartan subalgebra of sl{n, C). Recall the fundamental weights Ai, ■ ■ ■ , A„_i are linear 

functions on H such that \i{Ejj — Ej^ij^i) = 6ij. Take {Eij\l < i < j < n} as positive 



root vectors, which span a Lie subalgebra Q+. Recall B = C[a;i, ■ ■ ■ ,Xn,yi, ■ ■ ■ ,yn]- Let 
S", T be a partition of 1, n. Define a representation of sl{n, C) on B as follows: 

Xid^j -Ujdy^, if i,j e S, 

rp \ _ I ~XiXj — yjOy^, it ^ G O, J G I , 

""''^■1^-^ d,^d,^-y,dy^, if zeT, jeS, 



Set 



and 



Then 



-Xjd^^ - 6ij - yjdy^, if i,j eT. 



ies ieT 



ij = ^Xiyi + ^yid^^. 
ies ieT 



Ae = eA, v^ = ^v for ^esl{n,C) 
as operators on B. Denote 

Bi^^i^ = Span {x^'y'^ g -B | ^a^ - ^a^ = /i, |/5| = /s}, 

ies ieT 

for /i e Z, /a e N, and 

ni,,i, = {/ G i3,„,, I A(/) = 0}. 

Then Bi-^^i^ and Hij^^i.^ are s/(n, C)-submodules. 

We can always assume T = l,s for some s E 1 , n by symmetry. 

Case 1. s = n. 

n n 

In this case A = — ^ ^i^y^ and ^ = X] yji^a;.. 

^h,h = Span{x°'y'^ e B \ \a\ = -h, \(3\ = h} 

is finite dimensional. The subspace Bi-^^i,^ = if /i > 0. 

Lemma 5.1 All singular vectors in Bi^^i^ are of the formx~^^~^y\^~^[xn^iyn~-Xnyn-iY (t > 
0). 



Proof. Let / G Bi-^^i^ be a singular vector. Denote Ui = Xiyn — Xnyi for i G l,n — 1. We 
can rewrite 

/ = g{xi, ■■■ , x„, Ml, ■ ■ ■ , M„_i, |/„) 

as a rational function in Xi, ■ ■ ■ , x„, Mi, ■ ■ ■ , Mn-i, |/„. 



^i,n(fi') = -XndxAg) = for i G l,n - 1, 



equivalent ly, 

dxAa) = for i el,n-l. 

Eijig) = -{xjVn - yjXn)duX9) = 0, for l<i <j <n, 

which imphes 

d^.{9) = 0, for 1 < i <n-2. 

Therefore, g is independent of xi, • ■ ■ , x„_i, -ui, ■ ■ ■ , Un-2- CH 

Set 

By the proof of Theorem 3.3, we get: 
Theorem 5.2 If li + /s < 0, 

(see the equation above Case 1), and "Hi^^i^ is an irreducible highest weight module with 
the highest weight l2^n-2 — (h +h)^n-i, o- corresponding highest weight vector x~^^~^'^u^_^ 
and a basis 

n 
t=l l<i<j<n [^■^) 

ki,jkt = for i < j < t; kijki^j^ = for i < ii and j > jj. 
When li + l2> 0, 

and Ti'i i_ is an irreducible highest weight module with the highest weight —liXn-2 + (^i + 
h)Ki~i O'lT'd a corresponding highest weight vector yll^''^u^2i- The set 

n n 

{ n Vt' n i^iVj - Xjyi)'''''\kt, kij G N; E kij = -h, J2 kt = k + k] ,. ^. 

t=l l<i<j<n t=l lt).Zj 

kijkt = for i < j <t; kijki^j^ = for i < ii and j > ji} 
forms a basis of 1-L[^ ^^ . 

Proof of Theorem 2.10 b) 



Identify yi with Xn+i ioi i G l,n and Eij with Ei^j — En+j,n+i- We can view sl{n, C) 
as a subalgebra of sp{2n, C). Set 



m 



(0) — \T7 ™i™ — vT/ \T/ ^ fL—m-ljin—l — \TP ^ 'L-rn—2l,m- {'^■'^) 



mGN mGN 1=0 l,m<=N 

We want to show that 



V'n-m^2l,m C Uispi2nX))-l 



if m is even while 

if mis odd. Hence ^^o) = f^(sp(2^, C)).l t/(sp(2n, C)).(x„_ia;2„ — a;„a;2„-i). Moreover, 
(2.17) forms a basis of f/(sp(2n, C)).l and (2.18) forms U{sp{2n,'C)).{xn~iX2n — XnX2n~i)- 
We claim that if there exists a nonzero element / G 'r]^H_rn-2i,m such that / G 
U{sp{2n, C)).l or U{sp{2n)).{xn-iX2n - a:„a;2„_i), then 

rfH-m-2i,ra C U{sp{2n, C)).l or U{sp{2n, C)).(a;„_iX2„ - XnX2„-i) 
because rf''H^m~2i,m is an irreducible s/(n, C)-submodule. Since 

Vxf = ^x[xUGf/M2n,C)).l, 

we have ?7'7i_2/,o C U{sp{2n, C)).l. 

Suppose r]''TC-m-2i,m C U{sp(2n, C)).l for some even integer m > 0. Taking 7^ / G 
V^'H-m^2i,m, we get 

7^ \Xn-lX2n — XnX2n-l) f ^ V 'H^m-2-2l,ni+2i 

[Xn-lX2n — XnX2n~l) f 

\Xfi—iX2n I XnX2n—l) J ^•^n~l-'^nX2n—lX2nJ 
= -{E2n-l,n + E2n,n~lf-f - 4^2n-l,n-1^2n,n-/ £ U{sp{2n)).l. 

So r]^H-rn-2-2i,m+2 C U{sp{2n, C)) .1. Therefore, r]^H-rn-2i,m C U{sp{2n, C)).l if m is 
even, and rl'H-m-2i,m C U{sp{2n, C)).(x„_iX2n — a^na^2n-i) if ^ is odd by the same argu- 
ments. This completes the proof of Theorem 2.10 b) 

Case 2. s = n — \. 

Suppose / G -B is a singular vector. We rewrite 

/ = 9{xs,ys,u,Xn,yn) 
by Lemma 5.1, where u = Xg-iVs — XsHs-i- Note 

Es-i,n{g) = {Vsdxn + Xsyn)du{g) = 0, 
which implies du{g) = 0. Since 

Es,n{9) = {dx,dx„ - VudyJig) = 0, 
we have 

g G Span{f; ^^^il^^l^fl^-^x^^+^^^+Vf-^y^+^la,, a„, /3„ /5„ G N, a,a„ = 0}. 
^ [as + ty.{an + ty.{(3s - ty. 



Lemma 5.3 All singular vectors in Bi^^i^ are 






if li > 0, and 



ifli<0. □ 

When /i > 0, 

A/V^ h\f3s\ ^t ^h+t„,0„-t„,h-0„+t\ 

y^ t\{h+ty.{l3^-ty.-^s-^n Us yn ) 

I3s-l 
— Z^ t!(«i+t)!{/3s-t-l)! s " ^« ^« 

I v^ h\0s\{l2-0s+t) t h +t-l 0s-t„,h-0s+t-l 

~^ Z^ ti{h+t-iy.{0s-ty.s-^n ys yn 

_ sr h\0s\{h-0s) t^h+t-l.,0s~t„,h-0s+t-l 
^ t!(/i+t-l)!(/3s-t)!'^s-^n i/s i/n 



So 



^(E „r/ Awi _,,, ^*X^^*i/f°-*i/^"-^^)o ^ /5. = /2 or /, = /?. = 0. 



^^^t!(/i + t)!(A-t)!- 



If /i < 0, then 



/3s 
A('V (-'i)!/3s! „-/i +t^t „,0„-t„,h-0«+t\ 

^IZ^ i!(_ii+f)!(/3^_i)!-^s "f-nys i/n ) 

/3s -1 

_ V (-^l)!/3s! -U +t+l^f n,0s-t-l„,h-0S+t 

^ ti{-h+ty.{0s~t~iy^s -^nys yn 

/3s 
I V {-hy0sKh-0s+t) l^+t^t-l.,0s-t.,l2~0s+t-l 

"•" ^ (t-l)!(-/i+t)!{/3s-t)! s " i's ^ri 

0S-1 
Y^ (-/i)!/3s!(f2+h-/3s) -;i +t+l f „,/3s-f-l.j.i^-/3s+f 

^ t!(-h+t+l)!(/3s-i-l)! s n^'' ^^ 

t=0 



Thus 



-/i)!/9s! 

fir-/-, -I 

Therefore, ?izi,/2 contains only one singular vector ii I1 + I2 < or Zi > 0. Furthermore, 



^(E ,,(_j;;;,g:.,), ^:""4.^-^:r^-)-o ^ ;,+fc^Aorft^o. 



^i,j |b= -a;i<9^, - yi<9y^ for l<i < j <n, 
Ei,n \b= <9x,<9x„ - Vndy^ for 1 < i < n. 



So B is nilpotent with respect to ^_|_. Thus Tii-^^i^ is an irreducible submodule. Identifying 



i/i with Xn+i (i G l,n) and by the similar argument as theorem 3.4, we obtain 
Bi^,i^ = Hi^,i^ + r]Bi^-i^i^-i for k + k < or k > 0. 

'^luhClV^h-hh-i = 
when h + I2 < 0, and 

00 00 

f=0 f=0 

if li + l2> 0. Thus 

ni,,i, fl r7i3/,_i,/,_i = if /i + /2 < or /i > 0. 

n-l 

By Lemma 3.1 with 7i = dx„dy^, T2 = — Yl ^i'^vi ^i^d 

1=1 

^ 7/ n(* 1 iP 

T^ [x y") 



we get 

Theorem 5.4 If h + k < or h > 0, then 

and 1^1^,12 is an irreducible highest weight module with the highest weight — /iA„_2 + (^1 + 

I2 — l)A„_i (resp. /2An-2 — (^1 + ^2 + i)^n-i) (ind a corresponding highest weight vector is 

h 
^7'^1/n (resp. ^ t!(; i^Ju'i _t)\ x\x^n^^y^s~*yn) whcn li + I2 <^ (resp. li > 0). Moreover, 



t=o 



n-l 

n-l 



00 a„\l3„\ n ('^,')(ri+-+r„-iy. .„ . 

r V '=1 ' ^an+ri+---+r„_i„ /3„+ri+---+r„_i TT „«»+»•; ft-n 

L ^ (a„+ri+-+r„_i)!(/3„+ri+---+r„_i)!-^n ^n 1 1 -^i yj 

'•l,---,''n-l=0 4 = 1 

n—1 n 

|ai, ■ ■ ■ , a„, /3i, ■ ■ ■ , /5„ e N; a„/5„ = 0; a„ - X] "i = ^b E A = ^2} 

1=1 i=l 

(5.4) 
forms a basis ofTii^^i^. □ 

Case 3. s < n — 1. 



Let / G i3 be a singular vector. We can write 

/ = 9{xs,ys,u,Xs+i,yn,v) 



with u = Xs-iUs — XsiJs-i and v = ^ XjHj by the same arguments as those in Case 2 of 

j=s+l 

last section. Note 

Es-i,n{9) = Vsyndudvig) + XsVuduig) = = yniVsdv + Xs)du{g) = 0, 
which imphes du{g) = 0. Moreover, 

Es,ni9) = yndxA{.g) - VndyXg) = 0, 

i.e. 

{dxA-dy^{g) = 0, 

and 

Es,s+i{g) = dx^dx^^^{g) = 0. 
So any singular vector is the form 



oo 



A„/3n 



t=0 

— Z^ K+t)!i!(/3s-t)!-^s ^ ys Un 
t=0 

~ {as+l3s)\ yy^'-'^s ^ ") Xg (/„ 

or 

oo 
t=0 

0s 

— V^ avl0sl rrt„,a„+t„ a.„-t„ 0„. 
^ (Q„+t)!t!(/3s-t)!^ ^« ^" 

— Oiv' (n, f) \ ^,\O!v+03rf,03ni0n 



or 



x:tiv^^y^r = r^xXiVn" 



Using Lemma 3.1 with T[ = dx„dy^, 7^ = A — 7^ and 



K + l)(/3„ + l)^ 



and using Theorem 3.5 with Xn+i replaced by yi {i e l,n), we get 
Theorem 5.5 If h + h < —{n — s — 1) or li > —{n — s — 1), then 

and Tiij^j^ ^-^ '^'^ irreducible highest weight module with a basis 

n — 1 n— 1 n — 1 

{-ir^+i+-+''""n!/3„! n (:0 n (fO('-i+-+'-"-i)! n r,! 

r V"^ j — s-\-l 3 i—l ^ J— s+l 

L ^ „ (an+ri+---+r„_i)!(/3„+ri+-+r„_i)! 

»'l,---,»'n-i=0 

s n—1 n—1 /f, f,\ 

j=l j=s+l 1=1 

n s n 

tti, ■ ■ ■ , a„, /5i, ■ ■ ■ , /3„ G N, a„/9„ = 0, X^ aj -J2<^i = h, J2 f^n = k}- 

jr' = S + l j=l 1=1 



The highest weight ofHi^^i^ is -li\s-i + {li-l)\s+l2Ki-i (resp.-{li + l)\s+li\s+i+l2Ki^i) 
and a corresponding highest weight vector is x~''^ yl^ (resp. x gj^iy\^ ) when I1+I2 < (n—s—l) 
or — (n — s — 1) < li < (resp. /i > 0^. 
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